We consider a method for approximation of iterated stochastic Ito integrals of multiplicity k (k ∈ N) with respect to infinite-dimensional Wiener process using the mean-square approximation method of iterated stochastic Ito integrals with respect to finite-dimensional Wiener process based on generalized multiple Fourier series. The case of Fourier-Legendre series is considered in details. The results of the article can be applied to construction of high-order strong numerical methods (with respect to temporal discretization) for mild solution of non-commutative semilinear stochastic partial differential equations (SPDEs).
Introduction
There are a number of results in the literature about numerical integration of stochastic partial differential equations (SPDEs) (see, for example [1] - [26] ). One of the perspective approaches to construction of high-order strong numerical methods (with respect to temporal discretisation) for SPDEs is based on the so-called exponential Wagner-Platen type numerical approximation methods for SPDEs [13] (2016) . As shown in [12] , [18] , [25] an exponential Milstein type approximation method has the strong order of convergence 1 − ε (ε is arbitrary small posilive number) or 1. In [13] (2016) an exponential Wagner-Platen type numerical approximation method for SPDEs with strong order 3/2 − ε (ε is arbitrary small posilive number) has been considered. An important feature of these numerical methods is the presence in them of the so-called iterated stochastic Ito integrals with respect to infinite-dimensional Wiener process [20] . Approximation of these stochastic integrals is a complex problem. This problem can be significantly simplified in the presence of the special conditions of commutativity [12] , [13] . In [26] (2018) two methods of mean-square approximation of double stochastic Ito integrals with respect to infinite-dimensional Wiener process are considered and theorems on the convergence of these methods are given (the basic idea about Karhunen-Loeve expansion of the Brownian bridge process was taken from the monograph [27] (1988, In Russian)). It is important to note that the approximation of iterated stochastic Ito integrals with respect to infinite-dimensional Wiener process can be reduced to the approximation of iterated stochastic Ito integrals with respect to finite-dimensional Wiener process [20] . In a number of publications of the author [29] - [48] an effective method of mean-square approximation of iterated stochastic Ito (and Stratonovich) integrals with respect to finite-dimensional Wiener process was proposed and developed. This method is based on generalized multiple Fourier series and in particular on multiple Fourier-Legendre series. The purpose of this article is an adaptation of this method [29] - [48] for the mean-square approximation of iterated stochastic Ito integrals of multiplicity k (k ∈ N) with respect to infinite-dimensional Wiener process.
Let (Ω, F, P) be a probability space with a normal filtration {F t , t ∈ [0,T ]} [20] . Consider semilinear parabolic SPDE of the form (1) dX t = (AX t + F (X t )) dt + B(X t )dW t , X 0 = ξ, t ∈ [0,T ],
where operators A, F , B as well as the initial value ξ are assumed to satisfy the conditions of existence and uniqueness of mild solution of the SPDE (1) [23] , W t is a U -valued Q-Wiener process with respect to {F t , t ∈ [0,T ]} [20] , covariance operator Q ∈ L(U ) is a nonnegative and symmetric trace class operator, and U is a separable R-Hilbert space.
As is known, numerical methods of high orders of accuracy for approximating of mild solution of the SPDE (1) contain iterated stochastic integrals with respect to Q-Wiener process [8] , [10] - [13] , [18] .
For example, an exponential Milstein type numerical scheme [12] , [18] , [25] and an exponential Wagner-Platen type numerical scheme [13] contain the following set of iterated stochastic integrals
where 0 ≤ t < T ≤T , and the specific form of operators Φ 1 , Φ 2 , and Φ 3 is given, for example, in [12] , [13] . Some properties of these operators will be discussed in Sect. 5. At that, the Milstein type scheme [12] contains integrals of the form (2) while the exponential Wagner-Platen type scheme [13] contains integrals of the form (2), and (3). It is easy to notice that the numerical schemes for SPDEs with higher orders of convergence (with respect to temporal discretization) than in [13] will include iterated stochastic Ito integrals with respect to infinite-dimensional Wiener process with multiplicities higher than the third (see for example [22] (2012)). So, this work is devoted to approximation of iterated stochastic integrals of the form
where 0 ≤ t < T ≤T , and properties of operators Φ 1 , . . . Φ k will be refined further. Consider eigenvalues λ i and eigenfunctions e i (x) of the operator Q, where i = (i 1 , . . . , i d ) ∈ J, x = (x 1 , . . . , x d ) ∈ U, and J = {i : i ∈ N d , and λ i > 0}.
The series representation of the Q-Wiener process has the following form [20] 
or in a shorter notation
where w (i) t , i ∈ J are independent standard Wiener processes. Note that eigenfunctions e i , i ∈ J form an orthonormal basis of U [20] . Consider the finite approximation of W t [20] (5)
Using (5) and the relation [20] (6) w
where ·, · U is a scalar product in U.
Taking into account (6), (7) we note that approximation (4)) can be rewritten in the following form:
where 0 ≤ t < T ≤T . In the application of the special conditions of commutativity for SPDE in [12] , [13] it was proposed to numerically simulate the stochastic integrals (2), (3) using simple formulas. However, if these commutativity conditions are not met, the problem of numerical simulation of stochastic integrals (2), (3) becomes much more difficult. In [26] (2018) two methods for the mean-square approximation of double stochastic Ito integrals with respect to infinite-dimensional Wiener process are proposed. In this paper, we consider another and more general method for the mean-square approximation of iterated stochastic Ito integrals of multiplicity k (k ∈ N) with respect to infinite-dimensional Wiener process. The convergence analysis in the transition from J M to J, that is, from the finite-dimensional Wiener process to the infinite-dimensional one could be carried out by analogy with the reasoning of the proof of theorem 1 [26] (2018).
Chapters 5 and 6 (pp. A.249-A.628) of the monograph [37] (see also [30] - [36] , [38] - [48] ) are devoted to constructing of efficient methods of mean-square approximation of iterated stochastic Ito integrals with respect to components of finite-dimensional Wiener process. These results also adapted to iterated stochastic Stratonovich integrals [30] - [48] . Below we consider a very short review of results from [30] - [48] and a new result (see theorem 4, Sect. 5).
Method of Approximation of Iterated Stochastic Ito integrals Based on Generalized Multiple Fourier Series
Consider more general iterated stochastic Ito integrals than in (8):
where 0 ≤ t < T ≤T , and every ψ l (τ ) (l = 1, . . . , k) is a continuous non-random function on [t, T ]; w (i) τ (i = 1, . . . , m) are independent standard Wiener processes (see Sect. 1) and w
Define the following function on a hypercube [t, T ] k :
is a complete orthonormal system of functions in L 2 ([t, T ]). The function K(t 1 , . . . , t k ) is sectionally continuous in the hypercube [t, T ] k . At this situation it is well known, that the generalized multiple Fourier series of K(t 1 , . . . , t k ) ∈ L 2 ([t, T ] k ) is converging to K(t 1 , . . . , t k ) in the hypercube [t, T ] k in the mean-square sense, i.e. [48] . Suppose that every ψ l (τ ) (l = 1, . . . , k) is a continuous on [t, T ] non-random function and {φ j (x)} ∞ j=0 is a complete orthonormal system of continuous functions in L 2 ([t, T ]). Then
. . , l k = 0, 1, . . . , N − 1; l g = l r (g = r); g, r = 1, . . . , k};
l.i.m. is a limit in the mean-square sense; i 1 , . . . , i k = 0, 1, . . . , m; every
T ], which satisfies the condition (13) .
Not difficult to see, that for the case of pairwise different numbers i 1 , . . . , i k = 1, . . . , m from theorem 1 we obtain:
In order to evaluate significance of the theorem 1 for practice we will demonstrate its transformed particular cases for k = 1, . . . , 6 [30]- [48] (cases k = 7 and k > 7 can be found in [32] , [34] , [37] ):
where 1 A is the indicator of the set A.
Consider the generalization of the formulas (16) - (21) for the case of any arbitrary multiplicity of J[ψ (k) ] T,t . In order to do it we will introduce several denotations.
Consider the disordered set {1, 2, . . . , k} and separate it into two parts: the first part consists of r disordered pairs (sequence order of these pairs is also unimportant) and the second one -of the remains k − 2r numbers. So, we have
where {g 1 , g 2 , . . . , g 2r−1 , g 2r , q 1 , . . . , q k−2r } = {1, 2, . . . , k}, curly braces mean an disordered set, and the round braces mean an ordered set. We shall say that (22) is a partition and consider the sum using all possible partitions [47] . In conditions of the theorem 1 the following converging in the mean-square sense expansion is valid: g 2 },...,{g 2r−1 ,g 2r }},{q 1 ,. ..,q k−2r }) {g 1 ,g 2 ,...,g 2r−1 ,g 2r ,q 1 ,. ..,q k−2r }={1,2,...,k} r s=1
In particular from (24) for k = 5 we obtain:
The last equality obviously agree with (20) . Note, that rightness of formulas (16) - (21) can be verified by the fact, that if i 1 = . . . = i 6 = i = 1, . . . , m and ψ 1 (s), . . . , ψ 6 (s) ≡ ψ(s), then we can derive from (16) -(21) the well known equalities which are right w. p. 1 [31] - [34] , [37] :
where δ (i)
which can be independently obtained using the Ito formula and Hermite polynomials [16] .
Calculation of the Mean-Square Error of Approximation of Iterated Stochastic
Ito Integrals in the Theorem 1
is an approximation of (9), which is the prelimit expression in (14) . Let's denote
where K(t 1 , . . . , t k ) def = K. In [34] - [37] , [46] it was shown that
Exact calcutation of E (i1...i k )p is presented in the following theorem. Theorem 3 [35] , [37] , [44] . Suppose that the conditions of the theorem 1 are satisfied for i 1 , . . . , i k = 1, . . . , m. Then
is the prelimit expression in (14) for p 1 = . . . = p k = p; i 1 , . . . , i k = 1, . . . , m; expression (j1,...,j k ) means the sum according to all possible permutations (j 1 , . . . , j k ), at the same time if j r changed places with j q in the permutation (j 1 , . . . , j k ), then i r changes places with i q in the permutation (i 1 , . . . , i k ); another denotations see in the theorem 1.
Note that
for i 1 . . . i k = 1, . . . , m. Then from the theorem 3 for i 1 , . . . , i k = 1, . . . , m we obtain [35] , [37] , [44] E (i1...i k )p = I k − p j1,...,j k =0 C 2 j k ...j1 (pairwise different i 1 , . . . , i k ),
Some Examples of Mean-Square Approximations of Iterated Stochastic Ito Integrals Using Legendre Polynomials
Denote
where i 1 , i 2 , i 3 = 1, . . . , m. The complete orthonormal system of Legendre polynomials in the space L 2 ([t, T ]) looks as follows
where P j (x) is a Legendre polynomial.
Using the system of functions (27) and theorem 1 we obtain the following approximations of iterated stochastic Ito integrals [29] - [48] 
j is defined by (15) , and
Note that T − t ≪ 1 (T − t is a step of integration on the temporal variable) ⇒ q 1 ≪ q (see table 1 [30] - [34] , [37] ). Moreover, the valueC j3j2j1 does not depend on T −t. This feature is important because the integration step T − t can be variable. CoefficientsC j3j2j1 are calculated once and before the start of the numerical scheme. The example of exact calculation of coefficientsC j3j2j1 via DERIVE (computer algebra pack) can be found in the table 2 (another tables are presented in [30] - [34] , [37] ). Denote
Then from the theorem 3 we obtain [29] - [48] 
On the basis of the presented approximations of iterated stochastic Ito integrals we can see, that increasing of multiplicities of these integrals lead to increasing of orders of smallness according to T −t in the mean-square sense for iterated stochastic Ito integrals, that lead to sharp decrease of member quantities in approximations of iterated stochastic Ito integrals, which are required for achieving acceptable accuracies of approximation (q 1 ≪ q). For q 1 = 6 from the relation (28) we obtain [30] - [34] , [37] 
Approximation of Iterated Stochastic Integrals With Respect to Q-Wiener Process
Consider iterated stochastic integrals of the form
where 0 ≤ t < T ≤T , and
is an iterated stochastic Ito integral (9) .
be an approximation of the integral (29):
is defined as a prelimit expression in (14):
or as a prelimit expression in (24): Theorem 4. Let the conditions of the theorem 1 be satisfied, as well as the following conditions: 1. Q ∈ L(U ) is a nonnegative and symmetric trace class operator, and W τ , τ ∈ [0,T ] is a Q-Wiener process.
where L k is a constant which is depends on k.
Remark 2. It should be noted that the right part of the estimate (33) is independent of M and tends to zero if p 1 , . . . , p k → ∞ due to Parseval's equality.
Proof. Using (25) we obtain . . .
where ·, · H is a scalar product in H, and (r , 1 ,r , 2 ,...,r , k ): {r , 1 ,r , 2 ,...,r , k }={r1,r2,...,r k } means the sum according to all possible permutations (r , 1 , r , 2 , . . . , r , k ) such that {r , 1 , r , 2 , . . . , r , k } = {r 1 , r 2 , . . . , r k }.
The transition form (34) to (35) is based on the following theorem. At that, the specified multiplier will be independent of the remain part of the random variable (43) .
The same situation will be if {j 1 , . . . , j g } ⊂ {j 1 , . . . , j k }, 1 ≤ g < k, and j 1 , . . . , j g = j g+1 , . . . , j k . So, obviously the equality (36) is true.
